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Encoder

Aħenধon

Decoder

aħenࣅon weights
computed with

sođmax:
for some decoder state st,
compute contextually

weighted average of input ct:

zj = s⊤t W
(a)hj

πj = softmaxj(z)

ct =
∑
j
πjhj
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predicࣅve probability
(also using sođmax!)

ut = tanh(W(u)[st; ct])
P(yt | y1:t−1, x) = softmax(Vut)

P(y1 | x)
.70 Eleições
.11 Os
.10 As
.09 Nações

...
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predicࣅve probability
P(y2 | y1, x)
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predicࣅve probability
P(y3 | y2, y1, x)

.80 Nações
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.03 assembleias
...

10−8 resultados
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United Naࣅons elecࣅons end today

Eleições das Nações Unidas

s0

vj

hj

c1

s1

y1

Encoder

Aħenধon

Decoder

predicࣅve probability
P(y4 | y3, y2, y1, x)
.90 Unidas
.05 Shopping
.01 ,

...
10−5 aquáধco
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p(·) = 0.60
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The Space of Outputs: Made Sparse!

d o g s

b u c z

q a b e

z y z y

· · ·

p(·) = 0.70
p(·) = 0.20
p(·) = 0 !!



Sođmax plays two roles in seq2seq:

aħenࣅon weights
for some decoder state st, compute

contextually weighted average of input ct:

zj = s⊤t W
(a)hj

πj = softmaxj(z)

ct =
∑
j
πjhj

output probabiliࣅes
predict the probability of the next word:

ut = tanh(W(u)[st; ct])
P(yt | y1:t−1, x) = softmax(Vut)

Our work: replace sođmax
with a family of new sparsity-inducing alternaধves



Sparse Attention Weights / Alignments
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Sparse Predictive Probabilities
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What is softmax?
Ođen defined via pi :=

exp zi∑
j exp zj

, but where does it come from?

△ :={p ∈ Rd : p ≥ 0,
∑

j pj = 1}
p ∈ △: probability distribuধon over choices

Expected score under p: Ei∼p zi = p⊤z
argmax

maximizes expected score

Shannon entropy of p: Hs(p) := −
∑

i pi log pi
sođmax maximizes expected score + entropy: 0.5 1
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Generalizing Softmax Using Entropies
πH(z) = argmax

p∈△
p⊤z +H(p)

argmax: H0(p)=0

sođmax: Hs(p)=−
∑

j pj log pj
sparsemax: Hg(p)= 1/2

∑
j pj(1 − pj)

α-entmax: Ht
α(p)=

1
α(α−1)
∑

j(pj − pαj )

Tsallis α-entropy (Tsallis, 1988).
Depicted: α = 1.5. Uncovers sođmax (α→ 1) and

sparsemax (α = 2).
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πα([t,0])1
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1.0 = 1 (softmax)
= 1.25
= 1.5
= 2 (sparsemax)
= 4



Computing α-entmax
πHt

α
(z) := argmax

p∈△
p⊤z +Ht

α(p)

Soluধon has the form:

πHt
α
(z) = [(α − 1)z − τ1]1/α−1+

Algorithms:
bisecࣅon

• approximate; bracket τ ∈ [τlo, τhi]

• gain 1 bit per O(d) iteraধon
• float32 has 23 manধssa bits

sort-based
• exact algorithm, O(d log d)
• available only for α ∈ {1.5,2}
• huge speed-up from parধal sorধng
when expecধng sparse soluধons



Morphological inflection
SIGMORPHON 2018. Shared mulধ-lingual model.
Medium: 1k pairs per language, 102 languages.
High: 10k pairs per language, 86 languages.

Medium High
70

80

90

100

+1.83

+1.44accuracy

α = 1 (sođmax) α = 1.5 α = 2 (sparsemax)



Neural Machine Translation

DE-EN EN-DE JA-EN EN-JA RO-EN EN-RO
0

10

20

30 +.47
+.56 +.33

+.79
+1.03 +.72BLEU

α = 1 (sođmax) α = 1.5 α = 2 (sparsemax)



Sparse Mappings Don’t Slow Down Training
Training ধming on three DE-EN runs.
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Impact of Fine Tuning α
Grid search on DE-EN.
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Sparse Seq2Seq: Conclusions
p1

z10

1

−1 0 1

New family of sparse mappings α-entmax,
algorithms for efficient forward & backward passes.

sparse aħenࣅon weights
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performance improvements
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