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Sequence-to-Sequence With Attention

words = [21, , ] # indices

embed = Embedding(vocab_sz, dim)
E = embed(words) # (3 x dim)
enc = LSTM(dim, dim)

H = enc(E) # (3 x dim)

dec = LSTM(2 #* dim, dim)
initialize k=1, q[0], y[0]

not done:
s = Ha qlk - 1] # attn scores
#s=[-.3, -1.0, 1.8]

p = softmax(s) # attn proba
#p=[.10, .05, .85]

a=paH # (1 xdim)

dec(a, yl[k - 1], qlk - 1])
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Attention as a shortcut

Attention doesn’t make models more expressive,
it makes it easier to express “better” functions.

“You May Not Need Attention” for NMT,
but reordering is needed for good results.

(Press and Smith, 2018)



# attention scores:

= H a W_attn @ state
s = [-.3, -1.0, 1.8]

= softmax(s)
p = [.10, .05, .85]
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How to select an item from a set?
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pj = exp(sj)/Z

Argmax vs. Softmax
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Background: Optimization

f:RI—>RU {0}
minf(x) :=v s.t. (a) Ix* € RY, f(x*)=v
(b) VX' € RY, f(x') > v
arg min f(x) := {x* € R f(x*) = min f(x)}

X

f convex: optimization algos available
f strictly convex: arg min, f(x) = {x*}



Subgradient

g is a subgradient of a convex function f at z € dom f if
fly) = f(@) +¢"(y—z) Vyedomf

fw)

f(z1) +gf(y — 1)

Fan) + 3y — 1) .5

f(w2) + g7y — 22)

xT1 T2

g1, g2 are subgradients at z1; g3 is a subgradient at x5

Subgradients

43


http://www.seas.ucla.edu/~vandenbe/236C/

Subdifferential

the subdifferential O f(z) of f at x is the set of all subgradients:

of(x)={glg"(y—=) < f(y) — f(x), Vy € dom f}

Properties

e Jf(z)is a closed convex set (possibly empty)

this follows from the definition: 0 f(z) is an intersection of halfspaces

e if 2 € int dom f then df(z) is nonempty and bounded

proof on next two pages

Subgradients

4-4



Background: Constrained Optimization

min  f(x)
xeXcRd

0, xelX,

The indicator function: Idx(x) = {oo XE&X

arg min f(x) = arg min f(x) + ld x (x).
xeX xeRd

ldx is a convex function when X a convex set.
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(Danskin, 1966; Prop. B.25 in Bertsekas, 1999)

Danskin’s Theorem

Let ¢ : RY x Z — R, Z c RY compact.

o max P (x, z) = conv{Vxp(x,2*) | z* € argmax p(x, z)}.
ZGZ ZG.Z

Example: maximum of a vector
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Danskin’s Theorem

Let ¢ : RY x Z — R, Z c RY compact.

o max P (x, z) = conv{Vxp(x,2*) | z* € argmax p(x, z)}.
ZGZ ZG.Z

Example: maximum of a vector

s=][t, 0]
0 maxsj = 9 maXPTS
j€ld] pei 1 L I
= dmaxd(p, s) /
peA
= conv{Vs¢(p*, s)} 0! y t 0° ¢
=conv{p*} - 0 o s g ;

max; Sj {81 | g € 9 max;s;}



(Niculae and Blondel, 2017)

Smoothed Max Operators

maxq(s) = maxp ' s - Q(p) &

peA




(Niculae and Blondel, 2017)

Smoothed Max Operators

maxq(s) = maxp ' s - Q(p) &
peA
: = O f i ?
o argmax: Q(p)=0 o 1 51
[0,0,1] @

A
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Smoothed Max Operators

maxq(s) = maxst - Q(p)
peA

argmax: Q(p)=0

softmax: Q(p) =2 pjlogp;




(Niculae and Blondel, 2017)

Smoothed Max Operators

maxq(s) = maxp's - Q(p) pi
peA E—s—
: = 0 - ; y S
o argmax: Q(p)=0 o 1 1
e  softmax: Q(p) =2 pjlogp [0,0,1] @
e sparsemax: Q(p)=12||pl|3 [3,0,.7] @
[ )
[3,.2,.5]

(Martins and Astudillo, 2016)
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Sparsemax

sparsemax(s) = arg maxp ' s - 1/2|Ip||2

pEA
— 2
= arg min [|p - 5|12
[1YYAN
Computation: Backward pass:
p* =[s- T1]+ Jparsemax = diag(s) - mssT
Si > Sj = pi = pj whereS={1:pj>0},
O(d) via partial sort si=[i€S]

(Held et al., 1974; Brucker, 1984; Condat, 2016) (Martins and Astudillo, 2016)
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Smoothed Max Operators

maxq(s) = maxp's - Q(p)
peA

o argmax: Q(p)=0

° softmax: Q(p) = Z,- pj log pj

e sparsemax: Q(p)=1Y2|lpll5

p1
1 _"_
0 - > S1
-1 0 1
0,01 @
(3,0,.7] @
([ ]
13,.2,.5]




Fusedmax

fusedmax(s) = arg maxp ' s - 1/2||p||§ - Z |pj = pj-1
peA 2<j<d

=argminlp-slZ+ > lpj-pj-1l
pEA 2<j<d

ProXs,ced(S) = arg min ||p — S||§ + Z |pj = pj-1
peRd 2<j<d

Proposition: fusedmax(s) = sparsemax(proxfused (s))

(Niculae and Blondel, 2017)



— |1 penalty
— tvld penalty

- 'l.l“' | A—A ground truth
AVATR

“Fused Lasso” a.k.a. 1-d Total Variation

(Tibshirani et al., 2005)

pj — Pj-1l
1]

1]

‘used (S ) )
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Constrained Attention

argmax p's - Q(p)

peAUX
= arg max p's- Qx(p)
peA SN——

Q+ldy

Example: upper bounds X ={p € R : pj < b}
constrained softmax (Martins and Kreutzer, 2017) and sparsemax (Malaviya et al., 2018)
Application: incorporating fertility in Neural MT



Example: Source Sentence with Three Words

softmax Sparsemax csoftmax csparsemax
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’ 8-‘" ’

=
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Smoothed Max Operators

maxq(s) = maxp's - Q(p) g
peA !
° argmax: Q(p)=0 i 7
: > S1
-1 0 1
e softmax: Q(p)=, pjlogp;
(p) Z}p] ng] [0’0, 1] ‘
e sparsemax: Q(p)=1Y2|lpll5 13,0,.7] @
fusedmax: Q(p)=¥2|lpll5 + >;; Ipj - pj-1l o
[3,.2,.5]
csparsemax: Q(p) = /2||pl|3 + Idp<p




(Niculae and Blondel, 2017)

Smoothed Max Operators

maxq(s) = maxp's - Q(p)
peA

o argmax: Q(p)=0

fusedmax"Sew) = 2RIy T 2, 1P - Pj-1

csparsemax: Q(p) = 1/2||p||§ +1dp<p




2. Attention
architectures.



Computing the scores

sj=0(hj, q)
name o(h,q)
additive v' tanh(W1h + W2q)  (Bahdanau et al., 2015)
dot-product th (Luong et al., 2015)
bilinear h' L] (Luong et al., 2015)
scaled (Yvd)h"Wgq (Vaswani et al., 2017)



vy Vv VY

Beyond seq2seq

The spirit of attention mechanisms reaches far:

Key-Value Attention

Multi-head Attention
Self-Attention and the Transformer
Hierarchical Attention

Memory Networks, Pointer Networks, Neural Turing Machines...



(Graves et al., 2014; Sukhbaatar et al., 2015)

Key-Value Attentlon

idea: the objects we average (values)
and the objects used to compute scores (keys)
don't need to be identical!

—hT =T
hjq Sj qu

u = softmax(s)"H u = softmax(s) ' V



(Vaswani et al., 2017)

Multi-head Attention

idea: compute k different attention averages,
& concatenate the outputs.

LT i
~kia 5" = (W k)T (Wig)
u = softmax(s) 'V u( ) = softmax(s) T (vw(?)
u=[u(1);... ;u(k)]
u = softmax(K a q) a V i in range(num_heads):
Ki = Ka Wk([i].t(O
Vi =V aWwl[i].tO
i = g a Wg[i].t(O)
ui = softmax(Ki a gi) a Vi

u = concat(ui)



Self-attention
Attention as an encoder layer

The bears eat the pretty ones

(Cheng et al., 2016)



(Cheng et al., 2016)

Self-attention
Attention as an encoder layer

Transformer (Vaswani et al., 2017): very deep self-attention
replacing LSTMs in encoder & decoder

The bears eat the pretty ones



(Yang et al., 2016)

Hierarchical Attention
Encode document by first encoding its sentences.

I
1
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—
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T T T T T

+

A great movie. Very fun. Don’t  miss it!
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