
Learning with Sparse Latent Structure
Vlad Niculae

Instituto de Telecomunicações

Work with: André Martins, Claire Cardie, Mathieu Blondel

github.com/vene/sparsemap @vnfrombucharest

https://github.com/vene/sparsemap
https://twitter.com/vnfrombucharest


Structured Prediction

VERB PREP NOUN
dog on wheels

NOUN PREP NOUN
dog on wheels

NOUN DET NOUN
dog on wheels

· · ·

⋆ dog on wheels

⋆ dog on wheels

⋆ dog on wheels

· · ·

dog
on

wheels

hond
op
wielen

dog
on

wheels

hond
op
wielen

dog
on

wheels

hond
op
wielen



Structured Prediction

VERB PREP NOUN
dog on wheels

NOUN PREP NOUN
dog on wheels

NOUN DET NOUN
dog on wheels

· · ·

⋆ dog on wheels

⋆ dog on wheels

⋆ dog on wheels

· · ·

dog
on

wheels

hond
op
wielen

dog
on

wheels

hond
op
wielen

dog
on

wheels

hond
op
wielen



Structured Prediction
· · ·

· · ·



Latent Structure Models

input · · ·

· · ·

output

positive

neutral

negative



*record scratch*

*freeze frame*

How to select an item
from a set?



How to select an item from a set?

· · ·



How to select an item from a set?

c1
c2

· · ·
cN

θ pinput
x

output
y

θ = f1(x;w) y = f2(p, x;w)

∂y
∂w=? or, essentially, ∂p

∂θ=?



How to select an item from a set?

c1
c2

· · ·
cN

θ

pinput
x

output
y

θ = f1(x;w) y = f2(p, x;w)

∂y
∂w=? or, essentially, ∂p

∂θ=?



How to select an item from a set?

c1
c2

· · ·
cN

θ p

input
x

output
y

θ = f1(x;w) y = f2(p, x;w)

∂y
∂w=? or, essentially, ∂p

∂θ=?



How to select an item from a set?

c1
c2

· · ·
cN

θ pinput
x

output
y

θ = f1(x;w) y = f2(p, x;w)

∂y
∂w=? or, essentially, ∂p

∂θ=?



How to select an item from a set?

c1
c2

· · ·
cN

θ pinput
x

output
y

θ = f1(x;w) y = f2(p, x;w)

∂y
∂w=?

or, essentially, ∂p
∂θ=?



How to select an item from a set?

c1
c2

· · ·
cN

θ pinput
x

output
y

θ = f1(x;w) y = f2(p, x;w)

∂y
∂w=? or, essentially, ∂p

∂θ=?



Argmax

θ
c1
c2

· · ·
cN

θ pp

∂p
∂θ=?



Argmax

θ
c1
c2

· · ·
cN

θ pp

∂p
∂θ=?



Argmax

θ
c1
c2

· · ·
cN

θ pp

∂p
∂θ=?



Argmax

θ
c1
c2

· · ·
cN

θ pp

∂p
∂θ=?



Argmax

θ
c1
c2

· · ·
cN

θ pp

∂p
∂θ=?



Argmax

θ
c1
c2

· · ·
cN

θ pp

∂p
∂θ=?



Argmax

θ
c1
c2

· · ·
cN

θ pp

∂p
∂θ=?



Argmax

θ
c1
c2

· · ·
cN

θ pp

∂p
∂θ=?



Argmax

c1
c2

· · ·
cN

θ p

∂p
∂θ = 0

p1

θ10

1

θ2 − 1 θ2 θ2 + 1



Argmax vs. Softmax
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Sparsemax
sparsemax(θ) = argmax

p∈△
p⊤θ − 1/2∥p∥22

= argmin
p∈△
∥p − θ∥22

Computation:

p⋆ = [θ − τ1]+
θi > θj⇒ pi ≥ pj
O(d) via partial sort

(Held et al., 1974; Brucker, 1984; Condat, 2016)

Backward pass:

Jsparsemax = diag(s) − 1
|S|ss⊤

where S = {j : p⋆j > 0},
sj = Jj ∈ SK

(Martins and Astudillo, 2016)

argmin differentiation
(Gould et al., 2016; Amos and Kolter, 2017)
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SparseMAP Solution

μ⋆ = argmax
μ∈M

μ⊤η − 1/2∥μ∥2

= = .6 + .4

= Ap⋆ with very sparse p⋆ ∈ △N



Algorithms for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Conditional Gradient
(Frank and Wolfe, 1956; Lacoste‐Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p

• Update rules: vanilla, away‐step, pairwise
• Quadratic objective: Active Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse

computing
�
∂μ
∂η

�⊤
dy

takes O(dim(μ) nnz(p⋆))

quadratic objectivelinear constraints
(alas, exponentially many!)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Active Set achieves

finite & linear convergence!

Completely modular: just add MAP



Algorithms for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Conditional Gradient
(Frank and Wolfe, 1956; Lacoste‐Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p

• Update rules: vanilla, away‐step, pairwise
• Quadratic objective: Active Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse

computing
�
∂μ
∂η

�⊤
dy

takes O(dim(μ) nnz(p⋆))

quadratic objectivelinear constraints
(alas, exponentially many!)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Active Set achieves

finite & linear convergence!

Completely modular: just add MAP



Algorithms for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Conditional Gradient
(Frank and Wolfe, 1956; Lacoste‐Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p

• Update rules: vanilla, away‐step, pairwise
• Quadratic objective: Active Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse

computing
�
∂μ
∂η

�⊤
dy

takes O(dim(μ) nnz(p⋆))

quadratic objectivelinear constraints
(alas, exponentially many!)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Active Set achieves

finite & linear convergence!

Completely modular: just add MAP



Algorithms for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Conditional Gradient
(Frank and Wolfe, 1956; Lacoste‐Julien and Jaggi, 2015)

• select a new corner ofM

• update the (sparse) coefficients of p

• Update rules: vanilla, away‐step, pairwise
• Quadratic objective: Active Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse

computing
�
∂μ
∂η

�⊤
dy

takes O(dim(μ) nnz(p⋆))

quadratic objectivelinear constraints
(alas, exponentially many!)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Active Set achieves

finite & linear convergence!

Completely modular: just add MAP



Algorithms for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Conditional Gradient
(Frank and Wolfe, 1956; Lacoste‐Julien and Jaggi, 2015)

• select a new corner ofM

• update the (sparse) coefficients of p

• Update rules: vanilla, away‐step, pairwise
• Quadratic objective: Active Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse

computing
�
∂μ
∂η

�⊤
dy

takes O(dim(μ) nnz(p⋆))

quadratic objectivelinear constraints
(alas, exponentially many!)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη

Active Set achieves
finite & linear convergence!

Completely modular: just add MAP



Algorithms for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Conditional Gradient
(Frank and Wolfe, 1956; Lacoste‐Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away‐step, pairwise

• Quadratic objective: Active Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse

computing
�
∂μ
∂η

�⊤
dy

takes O(dim(μ) nnz(p⋆))

quadratic objectivelinear constraints
(alas, exponentially many!)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Active Set achieves

finite & linear convergence!

Completely modular: just add MAP



Algorithms for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Conditional Gradient
(Frank and Wolfe, 1956; Lacoste‐Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away‐step, pairwise
• Quadratic objective: Active Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse

computing
�
∂μ
∂η

�⊤
dy

takes O(dim(μ) nnz(p⋆))

quadratic objectivelinear constraints
(alas, exponentially many!)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Active Set achieves

finite & linear convergence!

Completely modular: just add MAP



Algorithms for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Conditional Gradient
(Frank and Wolfe, 1956; Lacoste‐Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away‐step, pairwise
• Quadratic objective: Active Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse

computing
�
∂μ
∂η

�⊤
dy

takes O(dim(μ) nnz(p⋆))

quadratic objectivelinear constraints
(alas, exponentially many!)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη

Active Set achieves
finite & linear convergence!

Completely modular: just add MAP



Algorithms for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Conditional Gradient
(Frank and Wolfe, 1956; Lacoste‐Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away‐step, pairwise
• Quadratic objective: Active Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse

computing
�
∂μ
∂η

�⊤
dy

takes O(dim(μ) nnz(p⋆))

quadratic objectivelinear constraints
(alas, exponentially many!)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Active Set achieves

finite & linear convergence!

Completely modular: just add MAP



Algorithms for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Conditional Gradient
(Frank and Wolfe, 1956; Lacoste‐Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away‐step, pairwise
• Quadratic objective: Active Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse

computing
�
∂μ
∂η

�⊤
dy

takes O(dim(μ) nnz(p⋆))

quadratic objectivelinear constraints
(alas, exponentially many!)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Active Set achieves

finite & linear convergence!

Completely modular: just add MAP



Algorithms for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Conditional Gradient
(Frank and Wolfe, 1956; Lacoste‐Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away‐step, pairwise
• Quadratic objective: Active Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse

computing
�
∂μ
∂η

�⊤
dy

takes O(dim(μ) nnz(p⋆))

quadratic objectivelinear constraints
(alas, exponentially many!)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Active Set achieves

finite & linear convergence!

Completely modular: just add MAP



Structured Attention for Alignments
NLI premise: A gentleman overlooking a neighborhood situation.

hypothesis: A police officer watches a situation closely.
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(Model: ESIM (Chen et al., 2017))
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Structured Attention for Alignments
NLI premise: A gentleman overlooking a neighborhood situation.

hypothesis: A police officer watches a situation closely.

input

(P, H)
A

gentleman

overlooking

...

situation

A

police

officer
...

closely

output

entails

contradicts

neutral

(Proposed model: global matching)



In code:

# Xp: (n_prem x k)
# Xh: (n_hypo x k)

Z = Xp @ Xh.t()

Up = softmax(Z, dim=1)
Uh = softmax(Z, dim=0)

Xp = cat([Xp, Up @ Xh])
Xh = cat([Xh, Uh.t() @ Xp])

# ...

# Xp: (n_prem x k)
# Xh: (n_hypo x k)

Z = Xp @ Xh.t()

U = sparsemap_matching(Z)

Xp = cat([Xp, U @ Xh])
Xh = cat([Xh, U.t() @ Xp])

# ...
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# Xp: (n_prem x k)
# Xh: (n_hypo x k)

Z = Xp @ Xh.t()

Up = softmax(Z, dim=1)
Uh = softmax(Z, dim=0)

Xp = cat([Xp, Up @ Xh])
Xh = cat([Xh, Uh.t() @ Xp])

# ...

# Xp: (n_prem x k)
# Xh: (n_hypo x k)

Z = Xp @ Xh.t()

U = sparsemap_matching(Z)

Xp = cat([Xp, U @ Xh])
Xh = cat([Xh, U.t() @ Xp])

# ...



SNLI

softmax matching sequence
85.5%

86%

86.5%

87%
accuracy
(3‐class)

MultiNLI

softmax matching sequence
75%

75.5%

76%

76.5%
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Dynamically inferring
the computation graph



So far: a structured hidden layer
EH[aH]

Network must handle “soft” combinations of structures.
Fine for attention, but can be limiting.
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Latent Dependency TreeLSTM

input

x

p(y|x) =∑
h∈H

p(y | h, x) p(h | x)

h ∈H

The bears eat the pretty ones

output

y

(Niculae, Martins, and Cardie, 2018)
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Structured Latent Variable Models

p(y | x) = ∑
h∈H

p

φ

(y | h, x) p

π

(h | x)

How to define pπ? ∑
h∈H

∂p(y | x)
∂π

idea 1 pπ(h | x) = 1 if h = h⋆ else 0 argmax
idea 2 pπ(h | x) ∝ exp

�
scoreπ(h; x)
�

softmax
idea 3 SparseMAP

e.g., a TreeLSTM defined by hsum over
all possible trees

parsing model,
using some scoreπ(h; x)

Exponentially large sum!
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⋆ The bears eat the pretty ones
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CoreNLP: off‐line parser

Sentence pair classification (P,H)

p(y | P,H) = ∑
hP∈H (P)

∑
hH∈H (H)

pφ(y | hP,hH) pπ(hP | P) pπ(hH | H)given word description, predict word embedding (Hill et al., 2016)
instead of p(y | x), we model Epπg(x) =

∑
h∈H

g(x;h) pπ(h | x)
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Danskin’s Theorem
(Danskin, 1966; Prop. B.25 in Bertsekas, 1999)

Let φ : Rd × Z→ R,Z ⊂ Rd compact.
∂max

z∈Z φ(x, z) = conv{∇xφ(x, z⋆) | z⋆ ∈ argmax
z∈Z

φ(x, z)}.

Example: maximum of a vector

∂max
j∈[d] θj = ∂max

p∈△ p
⊤θ

= ∂max
p∈△ φ(p,θ)

= conv{∇θφ(p⋆,θ)}
= conv{p⋆}

θ = [t,0]

t0

1

−1 0 +1
maxj θj

t0

1

−1 0 +1
{g1 | g ∈ ∂maxj θj}
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Example: Source Sentence with Three Words
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Structured Output Prediction

SparseMAP LA(η, μ̄) = max
μ∈M
�
η⊤μ − 1/2∥μ∥2	

− η⊤μ̄ + 1/2∥μ̄∥2

cost‐SparseMAP LρA(η, μ̄) = max
μ∈M
�
η⊤μ − 1/2∥μ∥2+ρ(μ, μ̄)	

− η⊤μ̄ + 1/2∥μ̄∥2

Instance of a structured Fenchel‐Young loss, like CRF, SVM, etc. (Blondel, Martins, and Niculae, 2019)
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