
Differentiable Adaptive Sparsity
For Neural Networks

Vlad Niculae
Insঞtuto de Telecomunicações

https://vene.ro

https://vene.ro


Choosing Between K Options
A building block in many ML tasks!

mulঞ-class classificaঞon

sequence generaঞon
structured output predicঞon

neural a�enঞon
structured hidden layers

x � y

booksmusic
film

Determinisঞc sparse & structured mappings and losses
via a general, construcঞve framework.

output

hidden



Choosing Between K Options
A building block in many ML tasks!

mulঞ-class classificaঞon
sequence generaঞon

structured output predicঞon

neural a�enঞon
structured hidden layers

x � d oy1 y2
y3


…
f
g
h
…

Determinisঞc sparse & structured mappings and losses
via a general, construcঞve framework.

output

hidden



Choosing Between K Options
A building block in many ML tasks!

mulঞ-class classificaঞon
sequence generaঞon
structured output predicঞon

neural a�enঞon
structured hidden layers

x � y



…

…

Determinisঞc sparse & structured mappings and losses
via a general, construcঞve framework.

output

hidden



Choosing Between K Options
A building block in many ML tasks!

mulঞ-class classificaঞon
sequence generaঞon
structured output predicঞon

neural a�enঞon
structured hidden layers

Determinisঞc sparse & structured mappings and losses
via a general, construcঞve framework.

output

hidden



Choosing Between K Options
A building block in many ML tasks!

mulঞ-class classificaঞon
sequence generaঞon
structured output predicঞon

neural a�enঞon

structured hidden layers

x � � y

…

…

wj−1

wj

wj+1

Determinisঞc sparse & structured mappings and losses
via a general, construcঞve framework.

output

hidden



Choosing Between K Options
A building block in many ML tasks!

mulঞ-class classificaঞon
sequence generaঞon
structured output predicঞon

neural a�enঞon
structured hidden layers

x � � y

…

…

Determinisঞc sparse & structured mappings and losses
via a general, construcঞve framework.

output

hidden



Choosing Between K Options
A building block in many ML tasks!

mulঞ-class classificaঞon
sequence generaঞon
structured output predicঞon

neural a�enঞon
structured hidden layers

Determinisঞc sparse & structured mappings and losses
via a general, construcঞve framework.

output

hidden



Choosing Between K Options
A building block in many ML tasks!

mulঞ-class classificaঞon
sequence generaঞon
structured output predicঞon

neural a�enঞon
structured hidden layers

Determinisঞc sparse & structured mappings and losses
via a general, construcঞve framework.

output

hidden



Outline

1. Warm-Up: Well-Known Losses and Mappings

2. Regularized Predicঞon Funcঞons

3. Fenchel-Young Losses

4. Sparse Sequence-to-Sequence Models

5. Adapঞvely Sparse Transformers

6. Sparse Structured Predicঞon



Perceptron & Argmax

θ
c1
c2

· · ·
ck

p ytrue

x
fw(x)

ŷ
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ŷ

gw(x,p)

p := argmax(θ)
L(θ;ytrue) = 〈θ,p〉 − 〈θ, ytrue〉

∂θL(θ;ytrue) ∋ p − ytrue

• very sparse predicঞons
• famous update rule

• can’t use as hidden layer: ∂p∂θ = 0 a.e.
p1

θ10

1

θ2 − 1 θ2 θ2 + 1



Perceptron & Argmax

θ
c1
c2

· · ·
ck

p

ytrue

x
fw(x)

ŷ
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ŷ

gw(x,p)

p := sparsemax(θ) = proj△(θ)

L(θ, ytrue) = ?

∇θL(θ, ytrue) = p − ytrue

• sparse predicঞve distribuঞon

• reverse-engineer loss from gradient
expected − observed staঞsঞcs

• sparse a�enঞon by deriving ∂p
∂θ

where do so[max-like funcࢼons come from?



Sparsemax
(Marঞns and Astudillo, 2016)

θ
c1
c2

· · ·
ck

p ytrue

x
fw(x)

ŷ

gw(x,p)

p := sparsemax(θ) = proj△(θ)
L(θ, ytrue) = ?

∇θL(θ, ytrue) = p − ytrue

• sparse predicঞve distribuঞon
• reverse-engineer loss from gradient

expected − observed staঞsঞcs

• sparse a�enঞon by deriving ∂p
∂θ

where do so[max-like funcࢼons come from?



Sparsemax
(Marঞns and Astudillo, 2016)

θ
c1
c2

· · ·
ck

p

ytrue

x
fw(x)

ŷ
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A Softmax Origin Story

First, some background.

The simplex△ := {p ∈ Rk : p ≥ 0,
∑

j pj = 1}

Extended value funcঞons f : Rk → R ∪ {∞}

dom(f) := points where f is finite

Indicator funcঞon: ιS(x) =
¨
0, x ∈ S
∞, x ̸∈ S

(f + ιS is f restricted to S)
Fenchel conjugate of f : Rk → R ∪ {∞} :

f∗(x) := sup
p∈dom(f)

〈p, x〉 − f(p)
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A Softmax Origin Story
Let Ω = ι△. Then,

Ω∗(θ) = max
p∈△〈p,θ〉

=max(θ)

∂Ω∗(θ) = argmax
p∈△
〈p,θ〉

∋ argmax(θ)

Shannon entropy of p H1(p) := −
∑

j pj log pj

Let Ω = −H1(p) + ι△. Then,

Ω∗(θ) = max
p∈△〈p,θ〉 +H1(p) = logsumexp(θ)

∇Ω∗(θ) = argmax
p∈△
〈p,θ〉 +H1(p) = softmax(θ)

(Boyd and Vandenberghe, 2004)
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Ω∗(θ) = max

p∈△〈p,θ〉 +H1(p) = logsumexp(θ)

∇Ω∗(θ) = argmax
p∈△
〈p,θ〉 +H1(p) = softmax(θ)

(Boyd and Vandenberghe, 2004)

So[max is an entropy-regularized argmax!
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Regularized Prediction Functions
A family of so[max-like mappings

πΩ(θ) = argmax
p∈dom(Ω)

〈p,θ〉 −Ω(p) = ∇Ω∗(θ)

Let dom(Ω) =△.We recover
argmax: Ω(p) = 0

so[max: Ω(p) = −H1(p) =
∑

j pj logpj

sparsemax: Ω(p) = −H2(p) = 1/2
∑

j pj(pj − 1)
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Regularized Prediction Functions
(Niculae and Blondel, 2017)

Regularizaঞon brings:

• improved uncertainty handling:
(predicঞons become hedged bets)

• smoothing effect (Nesterov, 2005; Kakade et al., 2009)
Ω strongly convex⇒ Ω∗ smooth,
⇒ πΩ differenঞable almost everywhere

• ability to add inducঞve bias
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(Niculae and Blondel, 2017)

fusedmax: Ω(p) = −H2(p) +
∑k

j=1 |pi − pi−1|
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perceptron ⇐⇒ argmax
logisঞc regression ⇐⇒ so[max

What moঞvates this connecঞon?



Fenchel-Young Losses
LΩ(θ;ytrue) :=Ω∗(θ) +Ω(ytrue) − 〈θ, ytrue〉
Ω: a regularizer

ytrue ∈ dom(Ω): target (e.g. ek)
θ ∈ Rd: predicঞon scores

Based on the FY inequality:

Ω⋆(θ) +Ω(p) ≥ 〈θ,p〉

The natural loss for the mapping πΩ.

Properঞes:
1. Non-negaঞvity:

LΩ(θ;ytrue) ≥ 0
2. Zero loss:

LΩ(θ;ytrue) = 0 ⇐⇒ πΩ(θ) = ytrue

3. Convex and differenঞable:

∇θLΩ(θ;ytrue) =πΩ(θ) − ytrue

(Niculae, Marঞns, Blondel, and Cardie, 2018; Blondel, Marঞns, and Niculae, 2019)
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Well-Known Fenchel-Young Losses

dom(Ω) Ω(p) πΩ(θ)

Perceptron △k 0 argmax(θ)
Logisঞc Regression △k −H1(p) softmax(θ)
Sparsemax △k −H2(p) sparsemax(θ)

Hinge (SVM) △k 〈p, ytrue − 1〉 argmax(1 − ytrue + θ)
Squared Rk 1

2∥p∥2 θ
One-vs-all [0,1]k −

∑
jH1([pi,1 − pi]) sigmoid(θ)

... and more!

(Blondel, Marঞns, and Niculae, 2019)
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Generalized Entropies
A funcঞon H(p) quanঞfying uncertainty in p ∈ △k:

1. H(p) = 0 if p ∈ {ek}
2. H strictly concave
3. H(p) =H(Pp)
(permutaঞon-invariant)

(1, 0, 0) (0, 1, 0)

(0, 0, 1)

-0.280

-0.
200

-0.
20

0

-0.
28

0

Tsallis entropies, Rényi entropies, norm entropies, etc.

(DeGroot, 1962; Grünwald and Dawid, 2004)



Tsallis Entropies

Hα(p) =
1

α(α − 1)

∑
j
(pj − pαj )

α→ 1 Shannon
α = 2 Gini
α→∞ 0

generate Tsallis α-entmax mappings & losses!

(Tsallis, 1988)
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(Blondel, Marঞns, and Niculae, 2019)

π−Hα
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Properties of α-entmax Mappings & Losses

π−Hα is sparse for α > 1

(Novel general condiঞon:
πΩ is sparse iff. ∂Ω(p) =/ ∅ for any p ∈ △)

L−Hα has the margin property:

θk ≥ 1/α−1︸︷︷︸
m

+max
j=/ k

θj⇒ L−Hα(θ;ek) = 0

(Equivalence result between sparsity and margins)

p1

θ10

1

−1 0 1

m

(Blondel, Marঞns, and Niculae, 2019)
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Computing α-entmax
π−Hα(θ) := argmax

p∈△
〈p,θ〉 +Hα(p)

Soluঞon has the form:

π−Hα(θ) = [(α − 1)θ − τ1]
1/α−1
+

Algorithms:
bisecࢼon

• approximate; bracket τ ∈ [τlo, τhi]
• gain 1 bit per O(d) iteraঞon
• float32 has 23 manঞssa bits

sort-based
• exact algorithm, O(d log d)
• available only for α ∈ {1.5,2}
• For α = 2, known since Held et al. (1974)!

(Peters, Niculae, and Marঞns, 2019)
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Backward Pass
(general result)

πΩ(θ) = argmax
p∈△
〈p,θ〉 −Ω(p) = ∇Ω∗(θ)

• J symmetric (=∇∇Ω∗).
• (J)ij = 0 if pi = 0 or pj = 0.
• Let (H)ij = ∂2Ω

∂pi∂pj (p) for nonzero i, j.

Let S =H−1 and s = 1S.
Then, J̄ = S − 1

〈1,s〉 ss⊤.
• For −Hα, S = diag(p̄2−α).

θ

p =πΩ(θ)

J = ∂πΩ

∂θ

(Peters, Niculae, and Marঞns, 2019)
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Sequence-to-Sequence With Attention
(Bahdanau et al., 2015)

United Naࢼons elecࢼons end today

Eleições das Nações Unidas
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A�enঞon

Decoder

morphological
inflecࢼon!
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Sequence-to-Sequence With Attention
(Bahdanau et al., 2015)

United Naࢼons elecࢼons end today

Eleições das Nações Unidas

s0

vj

hj

c1

Encoder

A�enঞon

Decoder

a�enࢼon weights
computed with

so[max:
for some decoder state st,
compute contextually

weighted average of input ct:

θj = s⊤t W
(a)hj

p = softmax(θ)

ct =
∑
j
pjhj

morphological inflecࢼon!



Sequence-to-Sequence With Attention
(Bahdanau et al., 2015)

United Naࢼons elecࢼons end today

Eleições das Nações Unidas

s0

vj

hj

c1

s1

y1

Encoder

A�enঞon

Decoder

predicࢼve probability
(also using so[max!)

ut = tanh(W(u)[st; ct])
P(yt | y1:t−1, x) = softmax(Vut)

P(y1 | x)
.70 Eleições
.11 Os
.10 As
.09 Nações

...
10−6 Amsterdam

morphological inflecࢼon!
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Eleições das Nações Unidas

s0

vj

hj

c1

s1

y1

Encoder

A�enঞon

Decoder

predicࢼve probability
P(y2 | y1, x)

.40 das

.30 para

.20 ás
...

10−7 esquerda

morphological inflecࢼon!
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y1

Encoder

A�enঞon

Decoder

predicࢼve probability
P(y3 | y2, y1, x)

.80 Nações

.11 Representações

.03 assembleias
...

10−8 resultados

morphological inflecࢼon!
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Sequence-to-Sequence With Attention
(Bahdanau et al., 2015)

United Naࢼons elecࢼons end today

Eleições das Nações Unidas

s0

vj

hj

c1

s1

y1

Encoder

A�enঞon

Decoder

predicࢼve probability
P(y4 | y3, y2, y1, x)
.90 Unidas
.05 Shopping
.01 ,

...
10−5 aquáঞco

morphological inflecࢼon!



Sequence-to-Sequence With Attention
(Bahdanau et al., 2015)

d o g N PL
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hj
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y1

Encoder

A�enঞon

Decoder

morphological
inflecࢼon!
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d o g s

b u c z

q a b e

z y z y

· · ·

p(·) = 0.60
p(·) = 0.13
p(·) = 10−4



The Space of Outputs: Made Sparse!

d o g s

b u c z

q a b e

z y z y

· · ·

p(·) = 0.70
p(·) = 0.20
p(·) = 0 !!

(Peters, Niculae, and Marঞns, 2019)



Morphological Inflection
SIGMORPHON 2018 data, shared mulঞ-lingual model.

Accuracy
70

80

90

100

+1.83

α = 1 (so[max)
α = 1.5
α = 2 (sparsemax)

d r a w e d </s>

n </s>

</s>

66.4%

32.2%

1.4%

(Peters, Niculae, and Marঞns, 2019)



Neural Machine Translation

DE-EN EN-DE JA-EN EN-JA RO-EN EN-RO
0

10

20

30 +.47
+.56 +.33

+.79
+1.03 +.72BLEU

α = 1 (so[max) α = 1.5 α = 2 (sparsemax)

(Peters, Niculae, and Marঞns, 2019)



Sparse Mappings Don’t Slow Down Training
Training ঞming on three DE-EN runs.

Ticks = passes over data.

1000 2000 3000 4000 5000 6000 7000
seconds

57.0%

58.5%

60.0%

61.5%

63.0%

va
lid

at
io

n
ac

cu
ra

cy

softmax
1.5-entmax

(Peters, Niculae, and Marঞns, 2019)



Impact of Fine Tuning α
Grid search on DE-EN.

attention 62%

63%

64%

va
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cy

1.00 1.25 1.50 1.75 2.00 2.25
output 

60%
61%
62%
63%
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lid
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n
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cy

(Peters, Niculae, and Marঞns, 2019)



Outline

1. Warm-Up: Well-Known Losses and Mappings

2. Regularized Predicঞon Funcঞons

3. Fenchel-Young Losses

4. Sparse Sequence-to-Sequence Models

5. Adapঞvely Sparse Transformers

6. Sparse Structured Predicঞon



Transformers: Deep Self-Attention
Layered mulঞ-head a�enঞon instead of LSTMs

(Vaswani et al., 2017)

The bears eat the pre�y ones

· · ·



Sparse Transformers

The bears eat the pre�y ones

· · ·

(Correia, Niculae, and Marঞns, 2019)



Adaptively Sparse Transformers

Transformers have 6× 4× 3 a�enঞon heads:
maybe not all should be sparse.

Let each a�enঞon head learn its α!

∂π−Hα
∂α
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Neural Machine Translation

de-en ja-en ro-en en-de
20

25

30

35

+.04

+.56

+.40

-.13

+.11

+.17

+.19

+.91

BLEU

α = 1 (so[max) α = 1.5 adapঞve α

(Correia, Niculae, and Marঞns, 2019)



Trajectories of α During Training

0 4000 8000 12000
1

1.2

1.4

1.6

1.8

2

training steps

α decoder, layer 1, head 8
encoder, layer 1, head 3
encoder, layer 1, head 4
encoder, layer 2, head 8
encoder, layer 6, head 2

Some heads start dense before becoming sparse!

(Correia, Niculae, and Marঞns, 2019)



Previous Position Head

Learned α = 1.91.

(Correia, Niculae, and Marঞns, 2019)
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Factorization Into Parts
θ =A⊤η
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Algorithms for specific structures

Best structure (MAP) Marginals

Sequence tagging Viterbi
(Rabiner, 1989)

Forward-Backward
(Rabiner, 1989)

Consঞtuent trees
CKY

(Kasami, 1966; Younger, 1967)
(Cocke and Schwartz, 1970)

Inside-Outside
(Baker, 1979)

Temporal alignments DTW
(Sakoe and Chiba, 1978)

So[-DTW
(Cuturi and Blondel, 2017)

Dependency trees Max. Spanning Arborescence
(Chu and Liu, 1965; Edmonds, 1967)

Matrix-Tree
(Kirchhoff, 1847)

Assignments Kuhn-Munkres
(Kuhn, 1955; Jonker and Volgenant, 1987)

#P-complete
(Valiant, 1979; Taskar, 2004)
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Generic Algorithm for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Condiঞonal Gradient
(Frank and Wolfe, 1956; Lacoste-Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p

• Update rules: vanilla, away-step, pairwise
• Quadraঞc objecঞve: Acঞve Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse;

precomputed in forward pass!

quadraঞc objecঞvelinear constraints
(alas, exponenࢼally many!)

(Niculae, Marঞns, Blondel, and Cardie, 2018)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Acঞve Set achieves

finite & linear convergence!

Completely modular: just add MAP



Generic Algorithm for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Condiঞonal Gradient
(Frank and Wolfe, 1956; Lacoste-Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p

• Update rules: vanilla, away-step, pairwise
• Quadraঞc objecঞve: Acঞve Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse;

precomputed in forward pass!

quadraঞc objecঞvelinear constraints
(alas, exponenࢼally many!)

(Niculae, Marঞns, Blondel, and Cardie, 2018)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Acঞve Set achieves

finite & linear convergence!

Completely modular: just add MAP



Generic Algorithm for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Condiঞonal Gradient
(Frank and Wolfe, 1956; Lacoste-Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p

• Update rules: vanilla, away-step, pairwise
• Quadraঞc objecঞve: Acঞve Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse;

precomputed in forward pass!

quadraঞc objecঞvelinear constraints
(alas, exponenࢼally many!)

(Niculae, Marঞns, Blondel, and Cardie, 2018)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Acঞve Set achieves

finite & linear convergence!

Completely modular: just add MAP



Generic Algorithm for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Condiঞonal Gradient
(Frank and Wolfe, 1956; Lacoste-Julien and Jaggi, 2015)

• select a new corner ofM

• update the (sparse) coefficients of p

• Update rules: vanilla, away-step, pairwise
• Quadraঞc objecঞve: Acঞve Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse;

precomputed in forward pass!

quadraঞc objecঞvelinear constraints
(alas, exponenࢼally many!)

(Niculae, Marঞns, Blondel, and Cardie, 2018)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Acঞve Set achieves

finite & linear convergence!

Completely modular: just add MAP



Generic Algorithm for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Condiঞonal Gradient
(Frank and Wolfe, 1956; Lacoste-Julien and Jaggi, 2015)

• select a new corner ofM

• update the (sparse) coefficients of p

• Update rules: vanilla, away-step, pairwise
• Quadraঞc objecঞve: Acঞve Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse;

precomputed in forward pass!

quadraঞc objecঞvelinear constraints
(alas, exponenࢼally many!)

(Niculae, Marঞns, Blondel, and Cardie, 2018)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη

Acঞve Set achieves
finite & linear convergence!

Completely modular: just add MAP



Generic Algorithm for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Condiঞonal Gradient
(Frank and Wolfe, 1956; Lacoste-Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away-step, pairwise

• Quadraঞc objecঞve: Acঞve Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse;

precomputed in forward pass!

quadraঞc objecঞvelinear constraints
(alas, exponenࢼally many!)

(Niculae, Marঞns, Blondel, and Cardie, 2018)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Acঞve Set achieves

finite & linear convergence!

Completely modular: just add MAP



Generic Algorithm for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Condiঞonal Gradient
(Frank and Wolfe, 1956; Lacoste-Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away-step, pairwise
• Quadraঞc objecঞve: Acঞve Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse;

precomputed in forward pass!

quadraঞc objecঞvelinear constraints
(alas, exponenࢼally many!)

(Niculae, Marঞns, Blondel, and Cardie, 2018)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Acঞve Set achieves

finite & linear convergence!

Completely modular: just add MAP



Generic Algorithm for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Condiঞonal Gradient
(Frank and Wolfe, 1956; Lacoste-Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away-step, pairwise
• Quadraঞc objecঞve: Acঞve Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse;

precomputed in forward pass!

quadraঞc objecঞvelinear constraints
(alas, exponenࢼally many!)

(Niculae, Marঞns, Blondel, and Cardie, 2018)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη

Acঞve Set achieves
finite & linear convergence!

Completely modular: just add MAP



Generic Algorithm for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Condiঞonal Gradient
(Frank and Wolfe, 1956; Lacoste-Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away-step, pairwise
• Quadraঞc objecঞve: Acঞve Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse;

precomputed in forward pass!

quadraঞc objecঞvelinear constraints
(alas, exponenࢼally many!)

(Niculae, Marঞns, Blondel, and Cardie, 2018)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Acঞve Set achieves

finite & linear convergence!

Completely modular: just add MAP



Generic Algorithm for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Condiঞonal Gradient
(Frank and Wolfe, 1956; Lacoste-Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away-step, pairwise
• Quadraঞc objecঞve: Acঞve Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse;

precomputed in forward pass!

quadraঞc objecঞvelinear constraints
(alas, exponenࢼally many!)

(Niculae, Marঞns, Blondel, and Cardie, 2018)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Acঞve Set achieves

finite & linear convergence!

Completely modular: just add MAP



Generic Algorithm for SparseMAP
μ⋆ = argmax

μ∈M
μ⊤η − 1/2∥μ∥2

Condiঞonal Gradient
(Frank and Wolfe, 1956; Lacoste-Julien and Jaggi, 2015)

• select a new corner ofM
• update the (sparse) coefficients of p
• Update rules: vanilla, away-step, pairwise
• Quadraঞc objecঞve: Acঞve Set
(Nocedal and Wright, 1999, Ch. 16.4 & 16.5)
(Wolfe, 1976; Vinyes and Obozinski, 2017)

Backward pass

∂μ
∂η is sparse;

precomputed in forward pass!

quadraঞc objecঞvelinear constraints
(alas, exponenࢼally many!)

(Niculae, Marঞns, Blondel, and Cardie, 2018)

ay⋆ = argmax
μ∈M

μ⊤ (η −μ(t−1))︸ ︷︷ ︸eη
Acঞve Set achieves

finite & linear convergence!

Completely modular: just add MAP



Sparse Structured Attention for Alignments
NLI premise: A gentleman overlooking a neighborhood situaঞon.

hypothesis: A police officer watches a situaঞon closely.
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(P, H)
A

gentleman
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...
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A

police
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...

closely

output

entails

contradicts

neutral

(Model: ESIM (Chen et al., 2017))

(Niculae, Marঞns, Blondel, and Cardie, 2018)
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(Proposed model: global matching)

(Niculae, Marঞns, Blondel, and Cardie, 2018)



Sparse Structured Attention for Alignments
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Sparse Structured Output Prediction
Dependency Parsing, Universal Dependencies

EN ZH VI
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(Niculae, Marঞns, Blondel, and Cardie, 2018)



Sparse Structured Output Prediction
Training
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Sparse Structured Output Prediction
Validaঞon: 25% unambiguous, 66% ≤ 5
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Sparse Structured Output Prediction
Inference captures linguisঞc ambiguity!

⋆ the broccoli looks browned around the edges .

.76

.24

(Niculae, Marঞns, Blondel, and Cardie, 2018)



Summary: Fenchel-Young losses and mappings, a framework for:

insight into sparsity & margins
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Next steps: sparsity in stochasঞc and generaঞve models.

vlad@vene.ro github.com/deep-spin/entmax · github.com/vene/sparsemap https://vene.ro
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https://github.com/deep-spin/entmax
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Expressions for Margins

• Main result: L−H(θ, ek) has margin m iff. mek ∈ ∂(−H)(ek).
• If H twice-differenঞable, mH = ∇jH(ek) − ∇kH(ek).
• If H=∑j h(pj) separable, mH = h′(0) − h′(1).



Relation With Bregman Divergences

• Bregman divergences are defined in primal space: BΩ : domΩ× domΩ→ R+

BΩ(y||p) :=Ω(y) −Ω(p) = 〈∇Ω(p), y − p〉
• FY losses are inmixed space: LΩ : dom(Ω⋆)× dom(Ω)→ R+
• Denoঞng θ = ∇Ω(p) gives BΩ(y||p) = LΩ(θ;y).
• However, starঞng from θ, BΩ(y||πΩ(θ)) not always convex.
(“link funcঞon” approach).



Danskin’s Theorem
(Danskin, 1966; Prop. B.25 in Bertsekas, 1999)

Let φ : Rk × Z→ R,Z ⊂ Rk compact.
∂max

z∈Z φ(x, z) = conv{∇xφ(x, z⋆) | z⋆ ∈ argmax
z∈Z

φ(x, z)}.

Example: maximum of a vector

∂max
j∈[d] θj = ∂max

p∈△ p⊤θ

= ∂max
p∈△ φ(p,θ)

= conv{∇θφ(p⋆,θ)}
= conv{p⋆}

θ = [t,0]

t0

1

−1 0 +1
maxj θj

t0

1

−1 0 +1
{g1 | g ∈ ∂maxj θj}
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Example: Source Sentence with Three Words

(0.52, 0.35, 0.13)

softmax

(0.36, 0.44, 0.2)

(0.18, 0.27, 0.55)

0

1

Fe
rti

lit
ie
s

(0.7, 0.3, 0)

sparsemax

(0.4, 0.6, 0)

(0, 0.15, 0.85)

0

1

(0.52, 0.35, 0.13)

csoftmax

(0.36, 0.44, 0.2)

(0.12, 0.21, 0.67)

0

1

(0.7, 0.3, 0)

csparsemax

(0.3, 0.7, 0)

(0, 0, 1)

0

1



e.g., fertility constraints for NMT
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constrained so[max: (Marঞns and Kreutzer, 2017) constrained sparsemax: (Malaviya et al., 2018)



a

gentleman

overlooking

a

neighborhood

situation

.

a

po
lic
e

of
fic
er

wa
tc
he
s a

sit
ua
tio
n

cl
os
el
y .a

po
lic
e

of
fic
er

wa
tc
he
s a

sit
ua
tio
n

cl
os
el
y .



References I
Bahdanau, Dzmitry, Kyunghyun Cho, and Yoshua Bengio (2015). “Neural machine translaঞon by jointly learning to
align and translate”. In: Proc. of ICLR.
Baker, James K (1979). “Trainable grammars for speech recogniঞon”. In: The Journal of the Acousࢼcal Society of America
65.S1, S132–S132.
Bertsekas, Dimitri P (1999). Nonlinear Programming. Athena Scienঞfic Belmont.

Blondel, Mathieu, André FT Marঞns, and Vlad Niculae (2019). “Learning classifiers with Fenchel-Young losses:
Generalized entropies, margins, and algorithms”. In: Proc. AISTATS.
Boyd, Stephen and Lieven Vandenberghe (2004). Convex Opࢼmizaࢼon. Cambridge University Press.

Chen, Qian, Xiaodan Zhu, Zhen-Hua Ling, Si Wei, Hui Jiang, and Diana Inkpen (2017). “Enhanced LSTM for natural
language inference”. In: Proc. of ACL.
Chu, Yoeng-Jin and Tseng-Hong Liu (1965). “On the Shortest Arborescence of a Directed Graph”. In: Science Sinica 14,
pp. 1396–1400.
Cocke, William John and Jacob T Schwartz (1970). Programming languages and their compilers. Courant Insঞtute of
Mathemaঞcal Sciences.
Correia, Gonçalo M., Vlad Niculae, and André FT Marঞns (2019). “Adapঞvely Sparse Transformers”. In: Proc. EMNLP.

Cuturi, Marco and Mathieu Blondel (2017). “So[-DTW: a differenঞable loss funcঞon for ঞme-series”. In: Proc. of ICML.

https://arxiv.org/abs/1409.0473
https://arxiv.org/abs/1409.0473
https://doi.org/10.1121/1.2017061
http://www.athenasc.com/nonlinbook.html
https://arxiv.org/abs/1805.09717
https://arxiv.org/abs/1805.09717
https://web.stanford.edu/~boyd/cvxbook/
https://www.aclweb.org/anthology/P17-1152
https://www.aclweb.org/anthology/P17-1152
https://arxiv.org/abs/1909.00015
https://arxiv.org/abs/1703.01541


References II
Danskin, John M (1966). “The theory of max-min, with applicaঞons”. In: SIAM Journal on Applied Mathemaࢼcs 14.4,
pp. 641–664.
Dantzig, George B, Alex Orden, and Philip Wolfe (1955). “The generalized simplex method for minimizing a linear form
under linear inequality restraints”. In: Pacific Journal of Mathemaࢼcs 5.2, pp. 183–195.
DeGroot, Morris H (1962). “Uncertainty, informaঞon, and sequenঞal experiments”. In: The Annals of Mathemaࢼcal
Staࢼsࢼcs, pp. 404–419.
Edmonds, Jack (1967). “Opঞmum branchings”. In: J. Res. Nat. Bur. Stand. 71B, pp. 233–240.

Frank, Marguerite and Philip Wolfe (1956). “An algorithm for quadraঞc programming”. In: Nav. Res. Log. 3.1-2,
pp. 95–110.
Grünwald, Peter D and A Philip Dawid (2004). “Game theory, maximum entropy, minimum discrepancy and robust
Bayesian decision theory”. In: Annals of Staࢼsࢼcs, pp. 1367–1433.
Held, Michael, Philip Wolfe, and Harlan P Crowder (1974). “Validaঞon of subgradient opঞmizaঞon”. In:Mathemaࢼcal
Programming 6.1, pp. 62–88.
Jonker, Roy and Anton Volgenant (1987). “A shortest augmenঞng path algorithm for dense and sparse linear
assignment problems”. In: Compuࢼng 38.4, pp. 325–340.
Kakade, Sham, Shai Shalev-Shwartz, and Ambuj Tewari (2009). “On the duality of strong convexity and strong
smoothness: Learning applicaঞons and matrix regularizaঞon”. In: Tech Report.

https://epubs.siam.org/doi/abs/10.1137/0114053
https://msp.org/pjm/1955/5-2/pjm-v5-n2-s.pdf
https://msp.org/pjm/1955/5-2/pjm-v5-n2-s.pdf
https://projecteuclid.org/euclid.aoms/1177704567
https://doi.org/10.6028%2Fjres.071b.032
https://doi.org/10.1002/nav.3800030109
https://arxiv.org/abs/math/0410076
https://arxiv.org/abs/math/0410076
https://link.springer.com/article/10.1007/BF01580223
https://link.springer.com/article/10.1007/BF02278710
https://link.springer.com/article/10.1007/BF02278710
https://ttic.uchicago.edu/~shai/papers/KakadeShalevTewari09.pdf
https://ttic.uchicago.edu/~shai/papers/KakadeShalevTewari09.pdf


References III
Kasami, Tadao (1966). “An efficient recogniঞon and syntax-analysis algorithm for context-free languages”. In:
Coordinated Science Laboratory Report no. R-257.
Kirchhoff, Gustav (1847). “Ueber die Auflösung der Gleichungen, auf welche man bei der Untersuchung der linearen
Vertheilung galvanischer Ströme geführt wird”. In: Annalen der Physik 148.12, pp. 497–508.
Kuhn, Harold W (1955). “The Hungarian method for the assignment problem”. In: Nav. Res. Log. 2.1-2, pp. 83–97.

Lacoste-Julien, Simon and Marঞn Jaggi (2015). “On the global linear convergence of Frank-Wolfe opঞmizaঞon
variants”. In: Proc. of NeurIPS.
Malaviya, Chaitanya, Pedro Ferreira, and André FT Marঞns (2018). “Sparse and constrained a�enঞon for neural
machine translaঞon”. In: Proc. of ACL.
Marঞns, André FT and Ramón Fernandez Astudillo (2016). “From so[max to sparsemax: A sparse model of a�enঞon
and mulঞ-label classificaঞon”. In: Proc. of ICML.
Marঞns, André FT and Julia Kreutzer (2017). “Learning What’s Easy: Fully Differenঞable Neural Easy-First Taggers”. In:
Proc. of EMNLP, pp. 349–362.
Nesterov, Yurii (2005). “Smooth minimizaঞon of non-smooth funcঞons”. In:Mathemaࢼcal Programming 103.1,
pp. 127–152.
Niculae, Vlad and Mathieu Blondel (2017). “A regularized framework for sparse and structured neural a�enঞon”. In:
Proc. of NeurIPS.

http://onlinelibrary.wiley.com/doi/10.1002/nav.3800020109/abstract
https://arxiv.org/abs/1511.05932
https://arxiv.org/abs/1511.05932
https://arxiv.org/abs/1602.02068
https://arxiv.org/abs/1602.02068
https://link.springer.com/article/10.1007/s10107-004-0552-5
https://arxiv.org/abs/1705.07704


References IV
Niculae, Vlad, André FT Marঞns, Mathieu Blondel, and Claire Cardie (2018). “SparseMAP: Differenঞable sparse
structured inference”. In: Proc. of ICML.
Nocedal, Jorge and Stephen Wright (1999). Numerical Opࢼmizaࢼon. Springer New York.

Peters, Ben, Vlad Niculae, and André FT Marঞns (2019). “Sparse sequence-to-sequence models”. In: Proc. ACL.

Rabiner, Lawrence R. (1989). “A tutorial on Hidden Markov Models and selected applicaঞons in speech recogniঞon”.
In: P. IEEE 77.2, pp. 257–286.
Sakoe, Hiroaki and Seibi Chiba (1978). “Dynamic programming algorithm opঞmizaঞon for spoken word recogniঞon”.
In: IEEE Trans. on Acousࢼcs, Speech, and Sig. Proc. 26, pp. 43–49.
Taskar, Ben (2004). “Learning structured predicঞon models: A large margin approach”. PhD thesis. Stanford University.

Tsallis, Constanঞno (1988). “Possible generalizaঞon of Boltzmann-Gibbs staঞsঞcs”. In: Journal of Staࢼsࢼcal Physics 52,
pp. 479–487.
Valiant, Leslie G (1979). “The complexity of compuঞng the permanent”. In: Theor. Comput. Sci. 8.2, pp. 189–201.

Vaswani, Ashish, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N. Gomez, Lukasz Kaiser, and
Illia Polosukhin (2017). “A�enঞon Is All You Need”. In: Proc. of NeurIPS.
Vinyes, Marina and Guillaume Obozinski (2017). “ Fast column generaঞon for atomic norm regularizaঞon”. In: Proc. of
AISTATS.

https://arxiv.org/abs/1802.04223
https://arxiv.org/abs/1802.04223
https://doi.org/10.1007/b98874
https://arxiv.org/abs/1905.05702
https://doi.org/10.1109/5.18626
https://homes.cs.washington.edu/~taskar/pubs/thesis.pdf
https://link.springer.com/article/10.1007/BF01016429
https://doi.org/10.1016/0304-3975(79)90044-6
http://proceedings.mlr.press/v54/vinyes17a.html


References V
Wolfe, Philip (1976). “Finding the nearest point in a polytope”. In:Mathemaࢼcal Programming 11.1, pp. 128–149.

Younger, Daniel H (1967). “Recogniঞon and parsing of context-free languages in ঞme n3”. In: Informaࢼon and Control
10.2, pp. 189–208.

https://link.springer.com/article/10.1007/BF01580381

	Warm-Up: Well-Known Losses and Mappings
	Regularized Prediction Functions
	Fenchel-Young Losses
	Sparse Sequence-to-Sequence Models
	Adaptively Sparse Transformers
	Sparse Structured Prediction

